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ABSTRACT: The lack of any local solution to the first-order-in-hw™" Seiberg-Witten (SW)
map equations for U(1) vector superfields compels us to obtain the most general solution to
those equations that is a quadratic polynomial in the ordinary vector superfield,v, its chiral
and antichiral projections and the susy covariant derivatives of them all. Furnished with
this solution, which is local in the susy Landau gauge, we construct an ordinary dual of
noncommutative U(1) SYM in terms of ordinary fields which carry a linear representation
of the N' = 1 susy algebra. By using the standard SW map for the N/ = 1 U(1) gauge
supermultiplet we define an ordinary U(1) gauge theory which is dual to noncommutative
U(1) SYM in the WZ gauge. We show that the ordinary dual so obtained is supersymmetric,
for, as we prove as we go along, the ordinary gauge and fermion fields that we use to define
it carry a nonlinear representation of the N’ = 1 susy algebra. We finally show that the
two ordinary duals of noncommutative U(1) SYM introduced above are actually the same
N =1 susy gauge theory. We also show in this paper that the standard SW map is never
the 60 component of a local superfield in v and check that, at least at a given approximation,
a suitable field redefinition of that map makes the noncommutative and ordinary — in a
By, field — susy U(1) DBI actions equivalent.
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1. Introduction

Noncommutative quantum field theories have been widely investigated in the past years,
chiefly after it was shown in ref. [[[] that they arise as effective theories of open strings ending
on D-Branes with a constant Neveu-Schwarz background B,,,,. In ref. [[l], it was also shown
that noncommutative U(1) gauge theories can be mapped to a theory with ordinary gauge
symmetry, since both theories arise as effective theories of the same underlying open string
theory; this equivalence can be seen [[l] as a mapping between a noncommutative Moyal
deformed DBI action and a commutative DBI action in the presence of a constant B,
background. The Seiberg-Witten map thus associates to every noncommutative U(N)
gauge theory an equivalent — at least for energies well below the noncommutative energy
scale — ordinary U(N) gauge theory, which we shall call in the sequel the ordinary dual
under the Seiberg-Witten map of the former noncommutative gauge theory.

Most of the papers — see refs. [J-[[J] and [IJ for an incomplete list — where the
properties of the ordinary duals under the Seiberg-Witten map of noncommutative U(N)
gauge theories are discussed deal with nonsupersymmetric theories or with the bosonic
sector of supersymmetric theories. The construction of supersymmetric duals under the
Seiberg-Witten map of noncommutative supersymmetric U(N) gauge theories is tackled



only in an astonishingly short number of papers — see for instance refs. [4—R0]. Moreover
the picture emerging from them is a bit blurred since there are important issues that
have not been clarified in them and which we shall spell out next. First, there is the
issue of the existence of a generalisation to objects made out of superfields of the Seiberg-
Witten map introduced in ref. [l — the map in ref. [[]] will be called henceforth the
standard Seiberg-Witten map. In refs. [[4] and [[§ it is claimed that there exists such a
generalisation and that it is a polynomial — and thus a local object — in the ordinary vector
superfield and its supersymmetry covariant derivatives. This statement is at odds with the
result presented in ref. [Ig] where it is shown that the first-order consistency condition
for the Seiberg-Witten map for superfields admits no solution that is a polynomial of the
appropriate ordinary superfields and their supersymmetry covariant derivatives. The latter
result is in line with the fact that no local solution to the Seiberg-Witten map equations
was found in ref. [I§] at first order in the noncommutativity parameters and with the
claim made in ref. [I7] that there is no superfield formalism in terms of ordinary vector
superfields that would allow us to formulate the ordinary dual under the standard Seiberg-
Witten map of noncommutative U(1) superYang-Mills theory in the Wess-Zumino gauge.
In ref. [[5] a solution to the Seiberg-Witten map equations for U(1) superfields was worked
out at first order in the noncommutativity parameters. In ref. [[lJ], it is also claimed
that the solution displayed in there is unique, which is quite surprising. The Seiberg-
Witten map obtained by the authors of ref. [[[J] is local and trivial in the supersymmetric
Landau gauge — but nonlocal and non-trivial otherwise — and yields an ordinary dual
with linearly realised supersymmetry of the noncommutative U(1) AN/ = 1 superYang-
Mills theory. Secondly, there is the issue of the supersymmetric character of the ordinary
dual under the standard Seiberg-Witten map of U(1) superYang-Mills theory in the Wess-
Zumino gauge. Such ordinary dual theory is constructed in refs. [[7, [§ and [RQ]. In these
papers, the transformations of the fields of the dual ordinary theory that give rise to the
supersymmetry transformations of the noncommutative theory are computed at first-order
in the noncommutativity parameters. Those transformations of the dual ordinary fields
turn out to be nonlinear, though local, in these fields. It is thus apparent that these ordinary
dual fields do not carry a linear realisation of the N' = 1 supersymmetry algebra in four
dimensions. Whether these nonlinear transformations constitute a nonlinear realisation
of the N/ = 1 supersymmetry algebra in four dimensions is not discussed in those papers,
although the transformations in question are referred to as supersymmetry transformations.
We believe that to rightly call these transformations supersymmetry transformations one
should establish first that they are nonlinear realisations of the supersymmetry algebra. It
should also be noticed that in general the Seiberg-Witten map does not preserve the gauge-
fixing condition — e.g., it does not map in general an ordinary gauge field configuration in
the temporal gauge into a noncommutative gauge field configuration in that very gauge, a
situation that is reproduced for the Wess-Zumino gauge for the superfield Seiberg-Witten
map of ref. [IJ — so it is not obvious that by choosing the Wess-Zumino gauge and
then applying the standard Seiberg-Witten map one does not gives rise to a breaking of
supersymmetry in the ordinary dual theory so constructed. Now that there seem to arise
two ordinary duals — one obtained by using a nonlocal superfield Seiberg-Witten map and



the other constructed by using the standard Seiberg-Witten map — of noncommutative
U(1) N = 1 superYang-Mills theory, it is fair to ask whether they really are different
theories as ordinary theories — they seem to have different supersymmetric features —
or the same ordinary theory expressed in terms of different sets of field variables. We
have just stated the third issue that has not been clarified yet. Let us mention that in
gaining a full understanding of all these matters one should check — a check that has not
been done in the literature yet — that the standard Seiberg-Witten map, or some Seiberg-
Witten map equivalent to it, establishes a connection between the ordinary DBI action in
the presence of a constant background B,,, field and the noncommutative DBI action for
N =1 supersymmetry in four dimensions.

The purpose of this paper is to clarify all the issues commented upon above. Before
we display how we have organised the paper, let us point out that a complete understand-
ing of the duality relationship established by the Seiberg-Witten map for noncommutative
supersymmetric gauge theories at the classical level is necessary, if the existence of such
duality relationship is to be investigated for quantum theories — only for Chern-Simons
theory such investigation has been undertaken [2I]. Indeed, on the one hand, due to UV/IR
mixing, noncommutative non-supersymmetric Yang-Mills theories have severe noncommu-
tative infrared divergences that are absent in their supersymmetric versions [RJ], and, on
the other hand, the ordinary dual theory of a given noncommutative gauge theory — e.g.,
noncommutative QED — is not necessarily renormalisable [R3]. We would also like to stress
that the results we shall report on below are also relevant to the field of noncommutative
gauge theories constructed within the enveloping-algebra formalism. This formalism was
put forward in refs. [24, B§ and [2§], and has led to important new results such as the
formulation of the noncommutative Standard Model [P7] and other [2§] anomaly free theo-
ries [B9], which may be of relevance in accounting for the experimental data to be recorded
at the LHC [BQ-BJ].

The layout of this paper is as follows. In section 2 we show by explicit computation
that the standard Seiberg-Witten map is never the #9 component of a superfield made out
of the ordinary vector superfield and its supersymmetry covariant derivatives, and address
the problem of finding physically sensible solutions to the Seiberg-Witten map equation for
U(1) superfields. Here, we construct, at first order in the noncommutativity parameters,
the most general solution — which is not unique — to this equation that is a quadratic
polynomial in the ordinary vector superfield, its chiral and antichiral projections and their
supersymmetry covariant derivatives. We show in section 3 that the standard Seiberg-
Witten map, applied to the noncommutative gauge supermultiplet of noncommutative
U(N) superYang-Mills theory in the Wess-Zumino gauge, always yields an ordinary U(N)
gauge supermultiplet which carries a nonlinear representation of the N' = 1 supersymmetry
algebra in four dimensions. We discuss here how this result is in agreement with the fact
that, upon adding certain field redefinitions — that we compute in appendix B — the
standard Seiberg-Witten map turns, in some approximation, the N’ = 1 supersymmetric
DBI action in the presence of a B,,, field into the noncommutative N' = 1 supersymmetric
DBI action. In section 4 we show that the dual ordinary theories of noncommutative U(1)
super Yang-Mills theories constructed in sections 1 and 2 are the same supersymmetric



theory but formulated in terms of different sets of variables. Our summary of the paper and
the conclusions are the content of section 5. We also include three appendices. Appendix
A is merely notational. In appendix B we discuss the equivalence under the Seiberg-
Witten map of the DBI action in the presence of a B, field and the noncommutative
DBI action, in the case of A/ = 1 supersymmetry in four dimensions. We have included in
appendix C the proof that the ordinary dual under the standard Seiberg-Witten map of
noncommutative U(1) Yang-Mills theory cannot be turned into a supersymmetric theory
by including in the action new local terms of the appropriate dimension, if the fields in the
resulting action carry a linear representation of N’ = 1 supersymmetry in four dimensions.

2. The Seiberg-Witten map equation for superfields and an ordinary dual
of noncommutative U(1) N = 1 superYang-Mills

The aim of this section is to obtain a U(1) ordinary theory with linearly realised N' = 1 su-
persymmetry which is dual, at least classically, to noncommutative U(1) /' = 1 superYang-
Mills. To do so we shall set up the Seiberg-Witten-map equations for U(1) superfields and
then build solutions to them. We shall also show that these solutions cannot be constructed
by following the strategy suggested in ref. [[L4].

We define noncommutative gauge theories with linearly realised N' = 1 supersymmetry
in terms of superfields as in refs. [B4, Bj]. Our superspace conventions will be those found in
ref. [Bf] and the Moyal product, “«<”, of a and b will be given by axb = a exp (%afnwm"a_@ b;
h sets the noncommutative scale. All along this paper, we will denote space-time indices
with Latin letters and spinor indices with Greek letters. V shall denote a U(1) noncommu-
tative vector superfield. Under noncommutative U(1) transformations — defined by the
chiral superfield A — V transforms as follows:

eV = eiﬂ*ey*e:“\, (2.1)
e denotes the exponential of A defined in terms of the usual power series with products
replaced by star products. A is the conjugate of A.

Let s, denote the operator generating the noncommutative BRS transformations of
the superfields V, then, eq. (B.1) leads to

. ) . I )
SneV = —% Ly(A+A) + %choth* (7‘/) (A=A),Ly =V, ]u SncA=1AxA,

where A now denotes an infinitesimal Grassmann chiral superfield. Let v and A denote,
respectively, an ordinary U(1) vector and an ordinary U(1) ghost superfields. In keeping
with the ideas underlying the Seiberg-Witten map, to obtain an ordinary theory dual of
noncommutative U(1) N' = 1 superYang-Mills, one should first express the U(1) noncom-
mutative superfields V and A as functions of v and A, and their susy covariant derivatives,
in such a way that ordinary BRS orbits are mapped into noncommutative BRS orbits.
This is achieved by solving the Seiberg-Witten-map equations for U(1) superfields. These



equations read
Sne A\ v] = sA[A ], A, )\ chiral,
Sne V[v] = sV[v], Vv real.

The symbol s denotes the ordinary U(1) BRS operator, which acts on the ordinary super-
fields as follows
su=i(A—X\), s\A=0. (2.2)

Expanding the noncommutative fields in powers of hw™",

A=X+hrAW +0(?), V=v+hrvY +0(h?), (2.3)

one gets the following equations for the first order contributions:
1 : 1 . :
AL — — Fayg.o — w2 0N
s D Wag 0"* A0 /\4—32 waﬁa AO7 LA,
1 . _ 1 . _ _

sV = 3 w0 N5 (N + ) — = w05 005, (A + A) +i(AD — AD) - (2.4)

where we used — see appendix A for notation — the following relations between vector
indices (Latin letters) and spinor indices (Greek letters):

Oap = (0™)ap0m,

1 1 -
W = = () P + (0™
W7 = (0™ Y W = 2 .

One should first look for solutions to eq. (R-4) that would allow us to make contact with
the Seiberg-Witten map — called the standard Seiberg-Witten map — as introduced in
ref. [[. In looking for these solutions the first obstacle one stumbles on is the fact that, at
first order in hw™", the standard Seiberg-Witten map is never the %% component of a
real superfield, with no free spinor indices, which is a polynomial in v and its susy covariant
derivatives Dy, Dg, a, 4 This fact, that has not been properly discussed in the literature as
yet, contradicts the claim made in ref. [[4] that the standard Seiberg-Witten map can be
supersymmetrised at first order in hw™", i.e., that at first order in hw™" a dimensionless
real polynomial in v and its susy derivatives with no free spinor indices can be constructed
so that its 0% component is the standard Seiberg-Witten map.

The BRS transformations with nonstandard normalisations inherited by the gauge
fields A,, — noncommutative — and a,, — ordinary — from the superfield gauge trans-
formations in egs. (R.1) and (R.2) read spcAm = —20mZ — i[Am, Z)«, 5@ = —20p,2. For
these BRS transformations the first-order-in-hw™" standard Seiberg-Witten map of ref. [i]
runs thus

s 1 1
Al(l) b §wm" <am8nal — §am81an>. (2.5)

Let us now show that this Al(l)st

polynomial with no free spinor indices made out of v and its susy derivatives. Since Al(l

is not the 69 (5l)d5§‘j‘ component of a dimensionless real

st .
) 1S



quadratic in a,,, it suffices to consider the most general, V', dimensionless real polynomial
in v and its susy derivatives with no free spinor indices which is linear in w™" and quadratic
in v. V is given by

5
‘7 = Z(l‘l Ret; + y; Imti), i,y € R,
i=1

where Ret; and Im¢; denote, respectively, the real and imaginary parts of ¢;, and x; and
y; are arbitrary real coefficients. {¢;} {i=1...5) denotes the following set of monomials

t1 :waﬁaaﬁ-DBngv, tgzwaﬁaagDBUDﬁv, tgziwaﬁD2DaUDﬁU, t4:wa58aBDﬁvDBU,
ts = W’ Dy D*vdp4v. (2.6)

For the reader’s sake we also display the complex conjugates, t;, i = 1...5, of the previous
monomials:

le—wdﬁaﬁdDﬁDﬁ-vv, 52:—wd68ﬁdDﬁvDﬁ-v, Zgz—ideD2deDﬁ'U, 1?4:—(.0&586&[)61)1)51),

55 = —deDdDaUaaBU.
Let us now show that for no choice of x; and y; the following equation will hold

1 = - 1
Z(O-m)ﬁa [Dc'n Dﬁ]v|€=§=0,aa = A&n)St‘ (27)
By aa, we mean that only the contributions quadratic in a,, are kept. Now, it can be
seen that the a,,—dependent part of the terms Imt; always involve contractions with the

mnrs

Levi-Civita symbol € , which never occur in eq. (R-F) — recall that w™" is real and

that our noncommutative space-time has got Minkowski signature. Hence, the y; will be
of no avail to make eq. (B.f) hold and thus we shall only worry about the contributions

coming from Ret;. Introducing the notation 1(0y,)?%[Dg, Dg]Ret; = Al and after some

computations one finds that
‘lem = _4wmnfmnala
1411[2} = -2 wmn(fmnal + Qnmlan(aa) + 2 fmian — 2771nfmkak)7
113
Al[ e —8 wmn(fmnal = 2 fiman — anmfknak)a
AN = 20 (fnar — 2 finam + 40maian — 20 fruka® + A0 anag + 2 (0a)an),

fll[s} =16w™a;,0na;.

Finally, eq. (.7) boils down to

a1 1
Z$iA1H = §wm" (amﬁnal — iamalan)

which has no solution since, in spite of the fact that the terms that occur on its r.h.s.
can be obtained by choosing several values of the z;, there always appear undesired extra



terms involving contractions of the type w™"n,. Notice that the ambiguity [B7 of the
Seiberg-Witten map cannot be taken advantage of to fix this situation, for this ambiguity,
in the U(1) case, is linear in ay,.

In searching for solutions to eq. (R.4), the second difficulty one meets is that, as shown
in ref. [, A® cannot be a polynomial in v, A and its susy derivatives, since A() is
chiral. Thus one is led to look for nonlocal solutions to eq. (R.4), i.e., solutions that
are not polynomials in the ordinary superfields and their susy derivatives. To avoid the
inconsistencies that usually arise in theories with gauge independent nonlocal terms, one
may look for solutions to eq. (B-4) whose nonlocal contributions vanish in a given gauge.
Since both the chiral and antichiral projections of v, namely, vy = Pyv and v— = P_wv,

vyith P, = ﬁ%ﬁ and P_ = 1617T2 QQDD—2, vanish in the susy Landau gauge D?D?y =
D?D?%y = 0, and since projecting v into its chiral part may help find a chiral A, it is
natural — and the next simplest ansatz to that of local solutions — to look for solutions to
eq. (B4) that are polynomials in A, v, v,,v_ and their susy covariant derivatives. We shall
further assume that A is linear in v, vy, and that V) is at most quadratic in v, vy ; the
rationale for these assumptions is that the corresponding first-order-in-hw™" contributions
to the standard Seiberg-Witten maps are, respectively, linear and quadratic in a,,. Let us
introduce some more notation: ¥ = v—vy —v_ — of course, sv = 0. A lengthy computation
yields the following family of solutions to eq. (2.4):
i . T af _
A = w* 0% vy D\ + = W 95010, 3 + 2w D*(DaBDgA), (2.8)
VW =3 DX(D 4o Dgv) + izdeD2(Dd@DBU) (2.9)
i .
t33 W 0% (v = v-)dap(v — vy)]
— 5w [0a%(v — v1)0;

39 a0 — v )]+ X, sX =0.

x is an arbitrary constant parametrising the ambiguity in the map for A; it must be
imaginary if one wants to avoid — as happens in standard Seiberg-Witten map case —

mnrs

parity violating terms — contributions involving contractions with the € symbol —
in the map for the component field a,, that otherwise will make the noncommutative
and ordinary gauge fields behave not in the same way under parity. X represents the
ambiguity in the map for the real superfield V; it is given by the most general linear
combination of terms constructed from @ and susy covariant derivatives D, Dy, Oap, 1.e.,
a linear combination of the real and imaginary parts of the terms appearing in eq. (@),
with v substituted by ¥. X can be interpreted as a field redefinition of v. Our solutions
for A and V() include the particular solution found in ref. [[[].

In the case of the map for V, the x-dependent terms can be gauged away by performing
a gauge transformation of v, since they can be written as the difference of a chiral and an
antichiral term. It is plain that in the supersymmetric Landau gauge the Seiberg-Witten
map above is local and V(1) is given by the most general local expression quadratic in v that
one can write; this is a very welcomed feature of the map in regards with renormalisability

issues [Bg-[H0).



In refs. [[[4, [[§ the standard Seiberg-Witten map was used to construct an ordinary
— i.e., on ordinary Minkowski space-time — field theory that is dual to U(1) noncommu-
tative SYM theory formulated in the Wess-Zumino gauge. This ordinary dual theory is
formulated in terms of the “susy” gauge multiplet (@, A, d), which undergoes ordinary
U(1) transformations but whose “susy” transformations are a sum of the ordinary susy
transformations plus nonlinear w""*-dependent terms — this is why for the time being we
write “susy” and not susy; we shall show that these comas can be removed in section 3.
Since it is one of the purposes of this paper to relate the ordinary dual theory obtained
from noncommutative U(1) N' = 1 superYang-Mills by using the Seiberg-Witten map for
superfields — see eqgs. (R.3), (R.§) and (2.9) — with the dual ordinary theory obtained from
the latter noncommutative theory as in refs. [[[7, [[§], we shall need to gauge transform to
the Wess-Zumino gauge the noncommutative scalar superfield V[v] defined in egs. (P.d)
and (2:9). Let us stress first that if vV denotes a general ordinary real scalar superfield
in the Wess-Zumino gauge, then its noncommutative image, V[vW%], given by the Seiberg-
Witten map in egs. (2.-) and (2.9), is not a noncommutative real scalar superfield in the
Wess-Zumino gauge. But, of course, one can further gauge transform this V[vW%] to a new
noncommutative scalar superfield VWV%[a,,, Ao, A4, d] which is in the Wess-Zumino gauge
— Gy Ao, Aq and d are the components of vW%. Indeed,
VW2 amAahasd] — eij\wz * e*”“wz} * e:iAWZ, (2.10)

AWVZ which is linear in hw™", leads to

for a
VWV a0, Aas Aar d] = 0% + RV D [0W2] 4 in(AWVZ — AVZ) + O(h?),

AWE = —%C’(l)(y) — 60V (y) — %02F(1)(y),ym =™ — 6% 0% (2.11)

W (z), \I/((xl)(x) and F)(z) are the lowest components of V() [vW%], the latter defined by

eq. (9:

V(l)[UWZ]:C(l)+9a\1,((x1)+§d¢,$)+%92F(1)+%9—2F(1)+9a9—5’Aélc)t+%929—aA;(1)+%9—29aA:x(1)

AD = AW _j5m g FWE  p'M) — pO oo,

oWE = gogq ag, + 929% + = 929% + = 9292d (2.12)
For z = 0 and X = 0, the components of V1) [vW%] read

T 256 O dﬁaa+ “c
aﬁaa 800 _ . aﬁaa 0 8p'o'_.
) = 2i0a) 280207 3p 4 ~ 2i0a)-LL N
4 256D(d da)—g A 256D(d i0a)—7—A",
Jalsy =0,



w0 D0 D 03y Duslas
AW = [880‘ %5 51 +4aaa 0% g 1 Oa g 200% g _ 9% e o Dashra 5

By ~ 256 | O O O O O

(2.13)

(€0l ()
1 04 o o oL 0,
(1) — af Za — 4% 949, af o _ Yp
Ap =128 [ 4 8a8a5)\ 4w 5 aa(‘)ﬁa)\p+2w = = E?ag( 5 Ga) +

9208 Dpp o a » 040, 829 05,050

aﬁ o aﬁ aBY%p oeﬁ 4 Ba”PI o
2w O -5 8 < 8a> O O —g 4F O o4 O AT
(1) w* & a a 8p o le’ 08015800 c 161 a’? _aop adﬁaﬁU
D= [a 42 a2\ 9 At DN “AEN 1207, = 0a)=Ed| e

In the previous equations, (c.c.) denotes complex conjugate and (c.c.)|g—., denotes complex
conjugate with indices $ and v exchanged (hermitian conjugation); for example 04, +
(C.C.)|5<_,,Y = 256’7'

Taking into account egs. (R.11), (R.13) and (R-13), one concludes that

VWV a0, Ay Ay d] = eaéﬁABa - 592édz‘xd + 59’29%@ + Z9’2921), (2.14)
1
Apy = a5, + hAg; +0h?), Aa=Xa+hAY +0((02), D=d+hDY +0(h?),

where A(ﬁ.z, AY and DO are the same as for V[vW%] and thus given in eq. (2-13). Let us

stress that V[oW%] and VW%[a,,, Ao, Aa, d] define the same theory since they are related by
a noncommutative gauge transformation.

We shall close this section by recalling that the ambiguity X in the Seiberg-Witten
map in eq. (.9) has no physical consequences since it is a local field redefinition of the
ordinary vector superfield, hence we shall set it to zero from now on.

3. Ordinary duals of noncommutative U(IN) A = 1 superYang-Mills the-
ory under the standard Seiberg-Witten map

In refs. [[7] and [[[§], the standard Seiberg-Witten map was used to map noncommutative
U(1) SYM theory in the Wess-Zumino gauge to an ordinary gauge theory with U(1) sym-
metry. This construction can be generalised to noncommutative U(N) gauge groups as we
shall do next. The construction we are about to develop may be of relevance in studying
some of the physical implications of the models proposed in refs. [ -[3] and [q].

Our supersymmetric noncommutative field theory will have the following field content:
a noncommutative gauge N = 1 supermultiplet, (A;,, Ay, D). The fields A,,, Ay, D are
valued in the Lie algebra of U(N) in the fundamental representation. If Z(z) = Z%(z) T®
denotes an infinitesimal function valued in the Lie algebra of U(N) in the fundamental rep-
resentation, with Z%(z) being ghost fields, our theory will be invariant under the following
noncommutative BRS transformations:

S A, = —DpZ = —(0mZ +i[Am, Z),),  $%5Aq = —i[Aa, Z],, %D = —i[D, Z],.



In addition to the BRS symmetry just defined, our U(N) noncommutative gauge theory
will be invariant under the following supersymmetry transformations:

~ 1 1 N ~ . .
OeApm=—€omA——€ A, 6 ANa=—€aD+2iey (™) \Frnn, O6D=1i€6" Dy A+icc™ Dy, A,

4 4

(3.1)
where Fy;, = O Ay —On A +i[Am, Aplyx and D,, = Om~+i[Am, |« These supersymmetry
transformations are linear modulo noncommutative gauge transformations, hence the non-
commutative multiplets of our theory carry a linear representation of the supersymmetry
algebra: of course, there is a formulation of our theory in terms of superfields, each multiplet
above constituting the components of the appropriate superfield in the Wess-Zumino gauge.
Let dym, Ao and d stand, respectively, for the ordinary counterparts, under the standard
Seiberg-Witten map, of the noncommutative fields A,,,, A, and D introduced above. Then,
up to first order in hw™", the standard Seiberg-Witten map for our theory is given by the

following equations

h ~
Aman] = G + 0" {an, i + fim} + O(h),

Ao, Aa] = Aa + gwmn{am, 2Dy Ao — ildn, Ao} + O(h?), (3.2)

Dlip,d) = d+ =™ {am, 2Dpd — i[an, d]} + O(h?),

NS

where fo; = 0pd; — Ojan + ilan,a;), Dy = Om + i[am, ]. By construction the Seiberg-
Witten map defined in eq. (B.2) maps infinitesimal gauge orbits of the ordinary theory into
infinitesimal gauge orbits of the noncommutative theory. Indeed, if the noncommutative
field U[ay,, u] is the image under the Seiberg-Witten map of u, then

Ulam, u] + K SpeUlam, u] = Ulay, + K Sam, u+ K Su, (3.3)

K being the infinitesimal BRS Grassmann parameter and § being the ordinary BRS operator
which acts on our fields with tilde as follows:

S.0m = —Dpz = —(0Omz + ilam, 2]), 8:Aq = —i[Ag, 2], $5.d = —i[d, 2].

Of course, in eq. (B.3), Z in sy, and z in § are not independent, but related by
h
Z=z+ Zwm" {@m, Onz}. (3.4)

We have seen that the Seiberg-Witten map in eq. (B.9) maps a theory on ordinary space-
time having an ordinary U(N) gauge symmetry to a noncommutative U(N) gauge theory
having, therefore, a noncommutative gauge symmetry. But, this noncommutative gauge
theory is further a supersymmetric theory and its fields carry a linear — the supersymmetric
transformations in eq. (B.J]) are linear modulo noncommutative gauge transformations —
representation of the supersymmetry algebra, i.e., the commutator of two supersymmetry
transformations acting on a noncommutative field, I/, closes on space-time translations
modulo a noncommutative gauge transformation:

[0c, 0] U(z) = —2i(no™E — £0™7) O U () + 507999 Y (x) = P U(z) + 559" U(z).
(3.5)
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U(z) denotes any of the noncommutative fields of our noncommutative theory.
55(2"(:9““96) U(z) is a noncommutative gauge transformations with Q(z) = —2i(no™¢ —
€o™i) Ap(z). The next issue to be addressed is whether there exist transformations of
the ordinary fields that occur in the Seiberg-Witten map in eq. (B.) that give rise to the
supersymmetry transformations of the corresponding noncommutative fields that we have
just discussed. The answer to this problem is that there exist such transformations since we
are dealing with U(N) in the fundamental and antifundamental representations. Indeed,
we shall look for infinitesimal variations, du, of the ordinary fields in eq. (B-3), collectively

denoted by u, such that
Ulam, o] + e Uliim, u] = Uliim + be dm, u+ deul, (3.6)

where 0, U [@m, 4] is defined in eq. (B.1). Since we understand the Seiberg-Witten map as a
formal power series expansion in hw™", it turns out that dcu can be obtained from eq. (B4)
as a formal power series expansion in hw™", provided that the representation of the gauge
group that one considers satisfies: L - Lo belongs to its Lie algebra in the corresponding
representation, if Ly and Ly do. As pointed out in ref. [BY], this condition restricts the
type of gauge group to U(N) groups, or products of them, and the type of irreducible
representation to the fundamental, antifundamental, adjoint and bi-fundamental. Up to
first order in Aw™", we have

Oclly, = Zeam)\ - me/\ + Ew [{an, 2D_l(eam/\—eam/\)—z[al, ET A\ —ED, ]_}
—{eapA—EGp\, Oyiim + fim Y —{Gn, Oy (e0mA—ETmN)
Dy (comA—EGmA) —Dm(eali—eam}] ,

. . _ h 1 - B B B

bk = —€ad + 26y (0™) o frun + 76 [ —H{eonA—eauA 2D Aa =il A}

_Z‘G’Y(Umk)’ya (4{fmn7 fkl} - 2{C~Ln7 lemk + 8lf~mk})

- . ~ - ~ Z = = ~
~{an, 4iDy(e5 (™) o frnk) +2[u, ﬁv(Umk)”’afmk]+Z[€Ul>\—€01% Aa]}} )
~ o~ ~ = h ~ ~ =
bed = 165" DA + ico™ Dy + 7w |26{ fonn, @™ DA + ea™ D2}
~ = 1 = ~ ~ ~
+i{an, (O + D;)(€6™ DA + €™ Dy \) } — Z{ean)\—&?n)\, 2D;d—ilay, d]}
~{én, 2Dy (186 DA + iea™ Dy, \)
—i[dy, i€ Dy A + i€0™ Dy \] +£[eali—ealx ] }] . (3.7)
We have thus worked out, up to first order in hw™", the infinitesimal variations of the
ordinary fields that give rise through the Seiberg-Witten map in eq. (B-3) to the linearly
realised supersymmetric transformations — see eq. (B.J]) — of the noncommutative fields.
Of course, if we set h = 0, these infinitesimal variations of the ordinary fields boil down
to the ordinary supersymmetry transformations of an ordinary gauge theory in the Wess-

Zumino gauge. However, the contributions of order hw™" are nonlinear modulo gauge
transformations, and tell us that unlike for gauge symmetries the standard Seiberg-Witten
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map in eq. (B.2) does not transmute supersymmetry transformations of the ordinary fields
realising supersymmetry linearly into supersymmetry transformations of the noncommu-
tative fields also realising supersymmetry linearly. The question then arises as to whether
the nonlinear transformations in eq. (B.7) realise a — nonlinear — representation of su-
persymmetry in the sense that the commutator of two such transformations on ordinary
fields closes on space-time translations modulo ordinary gauge transformations. If we can
answer the question in the affirmative — which we shall, at any order in hw™" —, we will
be entitled to call the transformations in eq. (B.7) supersymmetry transformations. This
issue has never been discussed in the literature, although the U(1) version of the transfor-
mations in eq. (B.4) have been called supersymmetry transformations. Let us show that if
dcu is an infinitesimal transformation satisfying eq. (B-g), then

[0, dyJu(w) = =2i(no™E — £0™7) O ulw) + 09 u(w) = (P +0Y09)) u(x),  (3.8)

where g(z) is the inverse image of Q(z) in eq. (B.§) under the Seiberg-Witten map, i.e., —

see eq. (B4) —

Or) = g(a) + 2™ {a, g} ) + O().

Now, since 55 and 5,7 are infinitesimal variations, their commutator [55, 5,]] acts as a deriva-
tion on polynomials of the ordinary fields and their space-time derivatives. Then

[0, On)U am, u] = U[(1 + [O¢, 0y))am, (1 + [0¢, 0y))u] — Ulam, u] + higher orders,

where U[a,,, u] is the formal power series expansion that implements the Seiberg-Witten
map. Taking into account eq. (B.6), one concludes that

[0¢, U, 1] = (8¢, 0 )U [, u] =U[(1+ B¢, O] ), (14 [0¢ , 6] ] —U i, 1] +higher orders.

(3.9)

On the other hand, eq. (B.§) leads to
(O O U [, ] = (P40, ™9 WU [, 1] = (P+0039 YU [y, (3.10)
=U[1+P+ 5;?;?96)) am, (1 + P+ 5;%2)“‘(]6)) u] — U, u] + higher orders,

upon using the fact that by definition of the Seiberg-Witten map we have
(5&7229)““96) Ulam, u] = 5;?;;96) Ulam, u]. Finally, eqs. (B.9) and (B.10) imply that

UL+ [0, 09]) @, (1 + [0, 04]) ] = UL+ P+ 89039 g, (1 + P + 6909 i,

( g9(x)

which in turn yields eq. (B-§). Let us stress that the two key facts we have taken ad-
vantage of to obtain eq. (B.§) are that our noncommutative fields carry a representation
of the supersymmetry algebra and that the Seiberg-Witten map turns (ordinary) gauge
transformations of the ordinary fields into (noncommutative) gauge transformations of the
noncommutative fields. Our proof of eq. (B.§) is valid to all orders in powers of hw™" and
for any type of U(N) Seiberg-Witten map provided d.u(z) exists.
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To close the current section let us remark that having a nonlinear realisation of the
N = 1 supersymmetry algebra in four dimensions as furnished by the transformations in
eq. (B7) is in keeping with the duality that seems to establish the standard Seiberg-Witten
map — supplemented with a field redefinition — between two supersymmetric DBI actions
in four dimensions, namely, the noncommutative U(1) supersymmetric DBI action and the
ordinary U(1) supersymmetric DBI action in the presence of a background field B,,.
Indeed,we show in appendix B that a given field redefinition of the Seiberg-Witten map in
eq. (B-9) turns, for small B,,, and up to order 4 in the susy field strength, the ordinary
U(1) supersymmetric DBI action for a background field B, in four dimensions into the
leading contribution to the noncommutative U(1) supersymmetric DBI action; the latter
being the action of noncommutative U(1) /' = 1 superYang-Mills theory. Now, in four
dimensions, the gauge supermultiplet of the ordinary U(1) supersymmetric DBI theory in a
background field By, as formulated in ref. [[l], carries a nonlinear realisation of the N' = 1
supersymmetry algebra which is an unbroken symmetry of the corresponding DBI action.
This nonlinear realisation of the supersymmetry algebra is [l a Bj,-dependent linear
combination of the extensions to the case of nonvanishing B,,, of the linear (unbroken)
and the nonlinear (broken) supersymmetry transformations that leave invariant the DBI
action for B,,,, = 0 in four dimensions.

4. Only one dual ordinary theory

In section 2, we constructed an ordinary U(1) gauge theory whose fields carry a linear real-
isation of A/ = 1 supersymmetry in four dimensions and is dual under the Seiberg-Witten
map for superfields to noncommutative U(1) N' = 1 superYang-Mills. The Seiberg-Witten
map that connects these ordinary and noncommutative supersymmetric gauge theories
is nonlocal — see egs. (R.) — but its nonlocal contributions are mere gauge artifacts.
In section 3, we used the standard — local — Seiberg-Witten map in the Wess-Zumino
gauge to construct an ordinary dual of noncommutative U(1) N' = 1 superYang-Mills, the
ordinary fields of this ordinary dual carrying a nonlinear realisation of the N’ = 1 super-
symmetry algebra in four dimensions. The standard Seiberg-Witten map giving the latter
ordinary dual of noncommutative U(1) A = 1 superYang-Mills is given in eq. (B.J). The
purpose of the current section is to show, at first order in hw™", that the ordinary du-
als of noncommutative U(1) A" = 1 superYang-Mills that we have constructed in sections
2 and 3 are not different ordinary U(1) supersymmetric gauge theories but, indeed, the
same ordinary theory each time formulated in terms of a different set of field variables:
one set of fields represents the A/ = 1 supersymmetry algebra linearly and the other set
nonlinearly. Before we show this, we must change, as usual, the normalisation of the non-
commutative, (A, Ag, D), and ordinary, (dm, Aa,d), gauge supermultiplets of section 3
so that their gauge transformations have the same normalisation as the gauge transfor-
mations for components derived from the superfield gauge transformations used in section
2. The normalisation change in question is the following: (A,,, Ay, D) — (%Am,Aa,D)
and (@m, Aa, d) — (%dm, Ma,d). This change of normalisation turns the the Seiberg-Witten
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map in eq. (B.9) into the following Seiberg-Witten map:

Aplan] = @m + hAD S+ O(h?), Al st — %w”l <analam - %anamal>,
Aalim Aa] = da + RADS fOR2), AW — ; G DA, (4.1)
Dlapm,d] = d+hDW st + O(n?), DWst — ; " G O

Let us next establish a map between the ordinary gauge supermultiplet (a,, Ao, d) that
occurs in the map in eq. (.I4) and the ordinary gauge supermultiplet (am, Ao, d~) that is
in the Seiberg-Witten map in eq. (.1). We shall first remind the reader that the map
between the noncommutative supermultiplet (4,,, Ay, D) and the ordinary supermultiplet
(@ms Aa, d) defined by VWZa,,, Ay, d] in eq. (R.14) is obtained by gauge transforming to
the Wess-Zumino gauge — see egs. (R.1() to (R.14) — the Seiberg-Witten map defined
by eqs. (B.d) and (R.9), when # = 0 and X = 0 — recall that X = 0 corresponds to an
ordinary local field redefinition and therefore bears no physical consequences. Now, one
may show that A(-lo){,A((ll) and DM in eqs. (P.13) and (£.14) can expressed as follows

<1> (1) st .
A Aﬁ'y 28 L2+ "467’ s.Am =
Ag) =AW 4L, 5L, =0, (4.2)

DW = pWst 4 p sD =0,
where A(ﬁlj St, AE,I)St and DMt are obtained from the functions denoted with the same

symbol in eq. (1)) by replacing (ém, Aa; d) with (am, Ae,d). Z and the BRS trivial pieces
Ag.,, £ and D are displayed next:

1 af « ag 1 dB « 83
Z=- g% \%a~ ﬁﬁa asp — Tog@" (%4~ ﬁaa Aoy

e O Oa o 908 ,
Ain =355 H 8a>8 <adﬁ - —68a> - 8<“a - §8a> D (am - %%)

- a_ada BDa 57 4 + 2 8“35" Aaaaﬁma’” x’} (c.¢.)|gesrs
p :%waﬁ 4<a ) OapAp + 28;8[) A 0ap <6Lpp v 8a> + ia‘%ag X’%d:
(4.3)
+%wd5 4<ag— = > Y +2838pva <app 8””6 ) 960 X’aﬁ“;””d_,
D :%waﬁ A( af — % ) dapd + 2aa< o — ﬂa >a°'“ﬁmaf’"d L% ap =N Dapst

+9%\7 aaéaw )\U} (c.c.).
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We finally define the following maps between the ordinary gauge supermultiplets (am,, Aq, d)
— linear — and (@, Aa, d) — nonlinear:

Am = Gy — 20 Z[a) + hAm[a, N, d] + O(h?),

Ao = A+ hLola, A\, d] +O(h?),  d=d+hDla,\d + O(h?), (4.4)

where Z and the BRS-closed functions A,,, £, and D are given in eq. (.) — see also
eq. (E2).

Let us discuss some properties of the map in eq. (Q) First, for infinitesimal U(1)
transformations, it maps orbits of (a,, Ay, d) into orbits of (G, Ao, d~), and viceversa. In-
deed, using eq. ([£4), one may show that

55 (Gms Ay d) = S2(Amy Aoy d), Z=z+ hs,Zlay],

where s, denotes the U(1) BRS operator acting on (am,, Ao, d): Syam = =202, $:Aq =0
and s,d = 0, and §z stands for the U(1) BRS operator acting on (G, Ao, dN) S50, = —20m2,

s:Aq = 0 and szd = 0. Secondly, the fact that under N' = 1 supersymmetry transformations
the supermultiplet (a,,, Ay, d) transforms as follows

1 - 1
Oy, = §eam)\ - §E5’m)\, deda = —€ad +iey (™), frnn,
Sed = €6 O\ + 1€a™ O\, Fmn = Omay — OnGm, (4.5)

and eq. (4), lead to

Oe(Qms Aoy d) = (Se +32)(@m, Aoy d), z= Re(ihg\fj(l)) + the(ihE\T/(l))Z[a]7

where ge(d, S\,CZ) are the nonlinear supersymmetry transformations in eq. (B.7) for U(1)
fields after the rescaling @, — 3an,, and ¥() and Z[a] are given in eqs. (E13) and ({3,
respectively. Hence, modulo gauge transformations, the linear supersymmetry transforma-
tions — eq. (L) — of the gauge supermultiplet (am,Aq, d) imply the nonlinear super-
symmetry transformations of the gauge supermultiplet d(a, A, d) as defined in eq. (B3);
and viceversa. Finally, if (Gm, Aa,d) and (am, A, d) satisfy eq. (4), then both gauge
supermultiplets will have the same noncommutative supermultiplet image, (A, Ay, D),
under the corresponding maps in eqgs. (2.14) and ([.1)):

Am = am +hAD[an X, d] + O(h?) = an, + hAY [a,] + O(h?),
Ao = Ao + AV [an\g,d] + O(h?) = Mg + hAY *[a,, Ag] + O(h?), (4.6)
D = d+ hDWa e, d] + O(h?) = d + hDW *[a,, d] + O(h?).
Eq. (.9) helps to show the previous set of equalities. We have thus shown that the

supermultiplets (&, Ao, d~) and (@, Ao, d) define, up to first order in hw™" the same U(1)
ordinary supersymmetric gauge theory with no matter fields. Notice that eqs. ([.6) imply
that the action in terms of (@, A, d) is equal to the action in terms of (am,, Aq, d), if these

gauge supermultiplets are related by eq. ([.4).
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We have thus shown that the ordinary theories dual to noncommutative SYM found
in sections 2 and 3 are not different theories but the same ordinary supersymmetric gauge
theory formulated in each case in terms of a different set of field variables. The ordinary
field variables introduced in section 2 carry a linearly realised N' = 1 supersymmetry and
the set of ordinary fields of section 3 transforms nonlinearly under A/ = 1 supersymmetry.

5. Summary and conclusions

In section 2, we have found, at first order in Aw™", the most general solution to the Seiberg-
Witten map equations for a noncommutative U(1) vector superfield that is a polynomial
in its ordinary counterpart,v, the chiral and antichiral projections of the latter, vy and v_,
and the susy covariant derivatives of them all; such polynomial being at most quadratic
in v, vy and v_. These Seiberg-Witten maps are nonlocal, but their nonlocal parts are
gauge artifacts since they can be set to zero by choosing the supersymmetric Landau gauge.
Furnished with this family of solutions to the U(1) Seiberg-Witten map equations, we have
obtained an ordinary dual under the Seiberg-Witten map of noncommutative SYM. This
ordinary dual when formulated in terms of the ordinary fields considered in section 2 has
linearly realised supersymmetry. In section 2, we have also shown by explicit computation
that the standard Seiberg-Witten map of ref. [l is never the #0 component of a vector
superfield which is a polynomial in the corresponding ordinary vector superfield and its
susy covariant derivatives. In section 3, we have obtained the ordinary duals under the
generalisation of the standard Seiberg-Witten map of ref. [l of noncommutative U(N)
gauge theory with A/ = 1 supersymmetry. These duals have been obtained by formulating
the noncommutative theory in the Wess-Zumino gauge. The noncommutative fields of our
noncommutative theory carry a linear realisation of the N/ = 1 supersymmetry algebra
in four dimensions; however, as we have shown in section 3, their ordinary counterparts
under the standard Seiberg-Witten map carry a nonlinear representation of the N' = 1
supersymmetry algebra in four dimensions. Hence, the ordinary dual of our noncommuta-
tive supersymmetric theory supports a nonlinear realisation of the supersymmetry algebra
when formulated in terms of the ordinary supermultiplets of section 3. We have seen
that this is in line with the duality under the Seiberg-Witten map — see appendix B —
between the noncommutative U(1) supersymmetric DBI theory and the ordinary abelian
supersymmetric DBI theory in a B,,, field in four dimensions. In section 4, we have shown
that the ordinary duals of noncommutative SYM constructed in sections 2 and 3 by using
completely different types of Seiberg-Witten map are not different ordinary supersymmet-
ric gauge theories, but the same ordinary theory formulated, in each case, in terms of
a different set of field variables: a set of field variables carries a linear representation of
N = 1 supersymmetry algebra in four dimensions and the other set carries a nonlinear
representation of this algebra. We define, in section 4, the map that realises the change
of field variables and study the properties of the map: it maps infinitesimal gauge orbits
into infinitesimal gauge orbits and turns the linear realisation of A’ = 1 supersymmetry in
section 2 into the hw™"-dependent nonlinear realisation of the latter in section 3.
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We believe that the results we have obtained in sections 2 and 4 for U(1) can be ex-
tended to U(N) groups in the fundamental, antifundamental, adjoint and bifundamental
representations. However, to obtain explicit expressions such as the Seiberg-Witten map
for superfields in eqs. (2.9) will be much harder since the r.h.s. in eq. (R.4) contains an
infinite number of terms for nonabelian ordinary groups. We also believe that the results
obtained in section 2 can be extended to any ordinary nonabelian gauge group in any
representation, if one adopts the general philosophy behind the formalism put forward in
refs. [@f for non-supersymmetric gauge theories: now the noncommutative vector su-
perfields will be valued in the enveloping algebra of the Lie algebra of the ordinary gauge
group. Section 3, however, will not hold, in general, for a given ordinary gauge group in
a given representation, e.g., SU(/N) in the fundamental representation. Indeed, generally
speaking bedm as defined in eq. (B.7) is not valued in the Lie algebra of the gauge group,
S0 it is not, in general, a variation of an ordinary gauge field. It so happens that for
arbitrary gauge groups in arbitrary representations, if the enveloping-algebra-valued non-
commutative fields of the gauge triplet (A,,, Ay, D) are defined in terms of ordinary fields
by means of the standard Seiberg-Witten map, the linear supersymmetry transformations
in eq. (B.]) are not given rise to by variations of the ordinary fields. In view of the im-
portant results — see refs. [27, — achieved within the enveloping-algebra formalism of
refs. [24, 5] and [R4], it is worth exploring how to construct supersymmetric versions of
the models in refs. 27 and [§]. Perhaps, one should look for hw™"-dependent nonlinear
realisations of supersymmetry carried by ordinary fields that yield upon using the standard
Seiberg-Witten map noncommutative fields that also carry an hw™"-dependent nonlinear
realisation of supersymmetry. Let us notice that we cannot start with an ordinary gauge
supermultiplet having standard linear supersymmetry transformations and then apply the
standard Seiberg-Witten map to define the noncommutative fields, since, as we show in
appendix C, the ordinary action dual to the action of noncommutative U(1) gauge the-
ory cannot be made supersymmetric under those linear supersymmetry transformations
by adding local terms which are polynomials in hw™". Finally, perhaps, to generalise the
formalism of refs. [24, P and [2q] so as to include supersymmetry, one should use the ideas
and techniques in ref. [[7].

Acknowledgments

This work has been financially supported in part by MEC through grants FIS2005-02309
and PCI2005-A7-0153. The work of C. Tamarit has also received partial financial support
from MEC trough FPU grant AP2003-4034. We would like to thank Professors R. Banerjee
and S. Ghosh for long and deep discussions on the issues addressed in this paper. We
would also like to thank Professor A. Tseytlin and Dr. M. Lledo for instructing us on some
properties of the ordinary and noncommutative DBI actions.

A. Superspace conventions

Our superspace conventions are those of ref. Bf]. The superspace coordinates are given

by 2™, 04,04, with 85 = 0. We denote space-time indices with latin letters and spinor
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indices with greek letters. Spinor indices are raised with and lowered with 7, €afs e 1 €a4f

such that €12 =1 = ¢y = —¢!?2 = —€j5 and ezﬁ = €34 Contractions will be denoted as
€N = €N, € = E9%)4. For the sigma matrices we have

(0™)% = (1,9), (@)oo = (=1,0),
1 : 1 :
(O,mn)aﬁ _ §(O,ma,n . O,na,m)ozﬁ7 (5mn)dﬁ — 5(6,mo,n _ 5’”5’m)dﬁ-

Superfields are functions over the superspace. We denote noncommutative superfields with
capital letters and ordinary superfields with lower-case letters. An ordinary superfield x
transforms under supersymmetry as

56X($7 0017 0_04) = (_EQ - EQ)X($7 00{7 0_0'4)7

and identically for a noncommutative superfield Z. The generators @, Qs satisfy the
supersymmetry algebra {Qq, Qa} = 2i67, Om; explicitly

Qa :8(1 + ie_d(am)daama Qd :50'4 + i(a'm)daeaam-

The supersymmetric covariant derivatives D, Dg, which satisfy {D,, Qs = 0 =
{DQ,QB} = {Dd,Qﬁ} = {Dd’QB} and {Da,Dd} = —22‘5'?0687”, are

D, =0, — iéd(ﬁm)daﬁm, Dd :5d — i(&m)daeaﬁm.
We consider the following component expansion of a real superfield v:
) a Ao T, 1o 1292 a-m pB L ozavs
v(x,0,0) =c(x) + 0%y () + 0%Ya(x) + 59 flz)+ 59 flz)+0 O'Boﬁ am + 59 0N,
Laopays |, 1h200 4
+299)\a+499d,
A=A — i&ga 0P d = d+ Oe,

and similarly for a noncommutative real superfield V.

B. Duality between noncommutative and ordinary supersymmetric U(1)
DBI theories

The aim of this appendix is to show the equivalence of the effective supersymmetric DBI
actions for open strings ending on D-branes obtained, on the one hand, in noncommutative
space-time, and on the other, in ordinary space-time but in the presence of a constant
background B,,. The first type of DBI actions have a linearly realised supersymmetry in
terms of the noncommutative fields, while the ordinary DBI actions with a B,,, background
are invariant under non-linear supersymmetry transformations. The equivalence is provided
by the Seiberg-Witten maps; this provides a natural understanding of the fact that ordinary
fields in local SW maps always seem to transform non-linearly under supersymmetry.

In the non-supersymmetric U(1) case, the equivalence was first noted by Seiberg and
Witten [[l[], and it was shown to be exact. In the supersymmetric case, both the ordinary
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and noncommutative actions are known — see refs. [i§, f9] — but their possible equivalence
has not been studied. Here we will show the equivalence in the limit of hw — 0 and for small
values of the fields. We choose the hw™" — 0 and not the Seiberg-Witten limit o/ — 0
because in the supersymmetric case the o/ — 0 limit requires a complicated reexpansion
of the action, while the hw™ — 0 limit is compatible with a perturbative definition of
the DBI actions in terms of an expansion in the number of fields. Our aim is to show the
equivalence of the DBI actions at first order in h and up to products of three ordinary fields.
The noncommutative DBI lagrangian, which we shall denote as L£pgr, is a functional of the
noncommutative supersymmetric field strengths W, = —%D2(€:V x DyeY). Tt is given by
a sum of terms with even powers of W?2, W2 [E9], so that it involves sums of products of
an even number of component fields. We want to expand this action in terms of ordinary
fields at first order in h using the standard SW maps of eq. ([])).

It can be easily seen that in order to compute the contributions with products of three
ordinary fields and less, we only need Lppr up to O(W2). Thus, following [[I9 — see [
for the normalisation — for a D3 brane we get,

A 1 1 2 2 4 271772 34

LpBr = o G < /d oW 16 /d oW ) +O(W ), (B.l)
where G4 is the noncommutative string coupling constant. In the component field expan-
sion of W one must use the noncommutative space-time metric G.

On the other hand, concerning the ordinary DBI action in the presence of the back-
ground field B,,, — which we shall denote as Lppr — it is constructed from the action
with By, = 0 by making the substitution f;., — fimn — 2Bmn — the differences with the
conventions in [} are due to our choice of the component field expansion of the superfield v.
The action at By, = 0 is given by an expansion involving even powers of W2, where W, =

—1 D2Dav is the ordinary supersymmetric field-strength, so that to get the terms with three
ﬁelds after the substitution f, — fmn — 2Bmn we need the terms of EDBI up to O(W4).
These are given, adapting the result in [I§ to our conventions, by the following expression

1 2ma’)? -
EDBI— /d29W2 —/d29W2 (2ma’) /d20d20W2W2—|—O(W6) . (B.2)
16 128 jon

gs is the ordinary string coupling constant, and the ordinary metric g must be used in the
component field expansion of W.

In order to relate both of the actions (B.]) and (B-J) in the limit of small hw, we need
the results from [f[] that follow

i _ i + O(hz) Qmn — gmn + O(h2) B = —1
Gs  gs ’ ’ (2ma/)?

g thwg Tt +0(h?). (B.3)

For simplicity we can take both G and g as the Minkowski metric. We must expand both
of the actions (B-1) and (B.9) in terms of the ordinary component fields and compare the
results. Using the SW maps in (@), the noncommutative action Lpgy is given by

A 1 1
Lppr = L 4 RN 4 =d? — —w’“fklfuf” — M o fiuf

omgs | 16 16 32
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(B.4)
+ O(4 fields) + O(h?) + total derivative.
The ordinary Lpgr action in eq. (B.2) has the following component expansion, after using

the relation between w and B in eq. (B.3):
1

— mn i Fm g2 "kl zg kl ij
LpB1 27gs fmnf 6 Om A + 32d W fklfzyf fzkf]lf
N W Fg (A DA — DA™ A) + hwf(‘)()\ ™)
— o o — o
256 M 256~ "
+ﬁw fmk()\O'la A—0 )\01)\)+ﬁw fmk()\O' 81)\ (91)\0 )\)
h ih - -
— —¢lmat AGA) — =——wFl A (NG N) + ——=DF (O ATIA — NG 19k A
53¢ Wit " 0g (AT N) 5 401 (ATHA) + 5207 d(OpATIA =510 A)
h
- mwklfkldz + O(4 fields) + O(h?) + total derivative,

where we have defined oF' = 5 kimn,

mn- At first sight, it is clear that the terms involv-
ing fmnn alone coincide, as is known from previous results concerning non-supersymmetric
theories. Still, the rest of the terms do not seem to match. However, we must still note
that the SW maps are not uniquely defined, since they have an ambiguity given, in the
U(1) case, by field redefinitions. Hence, we should check whether redefining the fields in
the lagrangian Lppr we can exactly match Lpgp of eq. (B-4). The answer turns out to be
positive in a non-trivial way. Indeed, it can be seen after some work that the following
field redefinitions

h . o~
0a,, = 1—6w ATp A,

3Zh h h [0}
o = 20 L +E KLE N kaz P (1) Mg DM (o) A5,
h 3\ — X510
5d — h klfkli lak()\o'l)\) — T]éu}kl(ak)\a'l)\ )\5’[ k)‘)

turn Lppy into ﬁDBI, modulo total derivatives and working at order h and with terms
involving products of up to three component fields. This is not trivial since even when con-
sidering the previous field redefinitions with arbitrary coefficients for the different terms,
one cannot generate in the action £ppp the terms appearing in £ppp with arbitrary coeffi-
cients. This shows that both DBI actions are in fact equivalent at least in the limit of small
hw™™ and small values of the fields, and this equivalence is provided by the Seiberg-Witten
map in eq. (1) supplemented with the previous field redefinitions. Ie., the modified
Seiberg-Witten maps that follow,

h 1 h -
Am =0Um —wht m 5 m - —w,," On 2
Qo + i <ak8la 2%8 al> 16%m Adp A + O(h?),
h h h
A=A+ Sw akalA+3Lw’flfklA —3—wklfkl/\ —=

ih _ m «
8wklfmk(0'lm)aﬁ)‘ﬁ_zwklf kOtm) ﬁ/\ﬁ
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D =d+ gwklakﬁld — %wkl frad + %wklak(XalA) + %az’“(mm — XG101\) + O(h?).

map Lppr of eq. (B-])) into the action Lppr of eq. (B.2).

It is worth noting that, in the pure bosonic case, there is no need to consider field
redefinitions; in fact the equivalence of the pure bosonic parts of Lpgpr and Lppr was shown
to be exact without having to use field redefinitions. This is due to the fact that, at least at
order h and possibly beyond, the pure bosonic field redefinitions only modify the bosonic
lagrangian with pure derivative terms, so that their effect can be neglected.

C. Is there a local linear supersymmetric completion of the bosonic Yang-
Mills action expanded with the standard SW map?

In section 1 it was shown that the standard SW map can never be embedded into a
superfield. Furthermore, we have seen that when considering local SW maps in components,
the ordinary fields transform in a non-linear representation of the supersymmetry algebra.
In all these cases, it was assumed that supersymmetry was linearly realised on the side of
the noncommutative fields. However, there is still the possibility of the ordinary fields being
in a linear representation of supersymmetry and the noncommutative ones in a non-linear
one. We can thus start assuming a linear representation of supersymmetry on the WZ
gauge component fields a,,, A, d, i.e., they should transform as in eq. ([.§). With this point
of view, the transformation properties of the noncommutative fields are unknown and so is
the action in terms of noncommutative fields. Nevertheless, we know its pure bosonic part,
which is the noncommutative Yang-Mills expanded with the SW map. Assuming further
that the standard SW map (R.§) is valid for the A,, component, we have that the bosonic
part of the action is given by

1
Shosonic = — 1_6 d4$an * FM = (Cl)
1

h h
- 4, mn 'Y 4., .ab mn ;| ' 4., ab mn 2
L e A R (e I LR ()}

where the awkward normalisation factors are due to our unconventional definitions of the
component fields A,,, a,,. What needs to be checked is whether there is any local, Poincaré
and gauge invariant completion of the action ([C.]) involving the WZ component fields
@m, A, d which is invariant under the supersymmetric transformations of eq. ([£5). Since
the order O(h®) part is known to have a supersymmetric completion, it suffices to check
the O(h) part. To do so we consider all the possible independent — modulo integration by
parts — gauge invariant monomials which are of order one in w™”, constructed from the
fields a,,, A, d and spacetime derivatives, which include at least one superpartner field A, d.
They are shown next:

t1 = wmnfmrfnrDa to = wmnfmnd2a t3 = wmnanmn/\o_rj\’

ty = WO frnr Ao A, ts = WO dAT A, te = W frmnOd,
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tr = Imw™ frun A@N, ts = Imw™ £, A0, 0" N, to = Imw™ frpAo” Op A,

tio = Imw™dAomOp\, t11 = Im ™00, Ao .

“Im” denotes imaginary part. By solving

8\6 [ bosonic +h /d4$ Z aiti] -0

expanding the Lh.s. in integrals of independent monomials, one readily finds that there is

no solution to the previous equation. This can be seen for example by considering just the

terms of the type ffA, ff\, which are the only ones generated from the supersymmetric

variation of the fff terms of the bosonic action, as is clear from eq. (L.

Thus, the noncommutative Yang-Mills action expanded with the standard SW map

has no completion invariant under the linear supersymmetry from eq. ([.3).
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